We consider a stack sorting algorithm where only the appropriate output values are popped from the stack and then any remaining entries in the stack are run through the stack in reverse order. We identify the basis for the 2-reverse pass sortable permutations and give computational results for some classes with larger maximal rev-tier. We also show all classes of (t+1)-reverse pass sortable permutations are finitely based. Additionally, a new Entringer family consisting of maximal rev-tier permutations of length n was discovered along with a bijection between this family and the collection of alternating permutations of length n − 1. We calculate generating functions for the number permutations of length n and exact rev-tier t.
Introduction
We begin with the notion of permutation (or pattern) containment. Definition 1.1. A permutation π = π 1 π 2 . . . π n ∈ S n is said to contain a permutation σ = σ 1 σ 2 . . . σ k if there exist indices 1 ≤ α 1 < α 2 < . . . < α k ≤ n such that π αi < π αj if and only if σ i < σ j . Otherwise, we say π avoids σ. Example 1.2. The permutation π = 4127356 contains 231 since the 4, 7, 3 appear in the same relative order as 2, 3, 1. However, π avoids 321 since there is no decreasing subsequence of length three in π.
A stack is a last-in first-out sorting device that utilizes push and pop operations. In Volume 1 of The Art of Computer Programming [22] , Knuth showed the permutation π can be sorted (that is, by applying push and pop operations to the sequence π 1 , . . . , π n one can output the identity 1, . . . , n) if and only if π avoids the permutation 231. Subsequently Tarjan [41] , Even and Itai [19] , Pratt [32] , and Knuth himself in Volume 3 [23] studied sorting machines made up of multiple stacks in series or in parallel.
Classifying the permutations that are sortable by such a machine is one of the key areas of interest in this field. To better do so, we will use the following definitions. For example, Knuth's result says that the stack-sortable permutations are precisely Av(231) , that is the basis for the stack sortable permutations is {231}. Given most naturally defined sorting machines, the set of sortable permutations forms a class. This is because often a subpermutation of a sortable permutation can be sorted by ignoring the operations corresponding to absent entries. 1 Given that the permutations sortable by a single stack are precisely Av(231), one could reasonably expect the class of sortable permutations for a network made up of multiple stacks would also be finitely based. However, this is not the case for machines made up of k ≥ 2 stacks in series or in parallel, shown by Murphy [28] and Tarjan [41] , respectively. Moreover, the exact enumeration question is unknown; see Albert, Atkinson, and Linton [1] for the best known bounds. For a general overview of stack sorting, we refer the reader to the survey by Bóna [9] .
In part because of the difficulties noted above, numerous researchers have considered weaker machines. Atkinson, Murphy, and Ruškuc [3] considered sorting with two increasing stacks in series, i.e., two stacks whose entries must be in increasing order when read from top to bottom.
2 They characterized the permutations this machine can sort with an infinite list of forbidden patterns, and also found the enumeration of these permutations. Interestingly, these permutations are in bijection with the 1342-avoiding permutations previously counted by Bóna [8] . The third author [37] studied a similarly restricted machine where the first stack must have entries in decreasing order when read from top to bottom. This permutation class of sortable permutations was shown to be Av(3241, 3142) which was proven to be enumerated by the Schröder numbers by Kremer [24, 25] .
A different version, sorting with a stack of depth 2 followed by a standard stack (of infinite depth), was studied by Elder [16] . He characterized the sortable permutations as a class with a finite basis of forbidden patterns. Later, Elder and Goh [17] showed a machine with first stack of finite depth d ≥ 3 followed by an infinite depth stack produces a sortable class of permutations with an infinite basis. Yet another restriction on two stacks in series was studied by the third author and Vatter [38] by combining a pop stack with a regular stack in series. If a pop stack is followed directly by a stack, the sortable permutations are classified by a finite basis. If there is a queue separating the two, the cardinality of the basis for the sortable permutations is unknown, but conjectured to be finite.
In [27] , the authors apply a sorting algorithm on a stack whereby the entries the permutation are pushed into the stack in the usual way. An entry is popped from the stack only if it is the next needed entry for the output (the next entry of the identity permutation). That is, allow larger entries to be placed above smaller entries, but do not allow entries to be pushed to the output prematurely. In particular, this means that if a permutation contains the pattern 231, then there will be entries left in the stack after all legal moves have been made. In this case, the algorithm is repeated on the remaining entries which are returned to the input to be read in their original order.
In this paper, we begin our sorting algorithm the same way as in [27] above. That is, prioritize outputting appropriate entries even if this restriction causes larger entries to be placed above smaller entries in the stack. As before, if a permutation contains the pattern 231, there will be entries left in the stack after all legal moves have been made. However, the new algorithm returns the remaining entries in the stack to the input in the reverse of their prior order. Definition 1.4. The rev-tier of a permutation is the number of times the entries in the stack must be returned to the input. Denote the rev-tier of the permutation σ by t rev (σ).
Each repetition of the stack sorting algorithm will be referred to as a reverse pass.
When sorting a permutation π with rev-tier t, this machine can be considered to be a network of t + 1 stacks in series with a special output condition. Namely, entries of π may only exit a stack to traverse directly to the output or if there are no more entries left to enter the stack. This restriction has a similar flavor to the pushall stacks studied by Pierrot and Rossin [29, 30] where no entry is output until all entries have entered the stacks. Example 1.5. The permutation 231 has rev-tier t rev (231) = 1, all other elements of S 3 have rev-tier 0. Alternatively, we can say all permutations in S 3 are 2-reverse-pass sortable and permutations in S 3 except for 231 are 1-reverse-pass sortable.
We translate Knuth's original stack sortable requirement to the following theorem. 
Classes of (t + 1)-reverse stack sortable permutations
To investigate the rev-tiers of permutations more generally, we will derive an explicit condition on permutations that describes their rev-tier. Definition 2.1. Let σ ∈ S n and let i ∈ {1, 2, . . . , n − 1}. Call (i, i + 1) a separated pair in σ if there is a k > i + 1 between i and i + 1 in σ.
A separated pair
Equivalently one could say that (i + 1, i) is a down separated pair in σ if i and i + 1 occur as part of a 231 pattern where i + 1 is the middle number and i is the smallest number in the pattern. Similarly, (i, i + 1) is an up separated pair if i and i + 1 occur as the 1 and 2 elements in a 132 pattern.
These types of patterns are known as covincular patterns. The formal study of these patterns was introduced by Babson and Steingrímsson [4] . For a thorough review of such pattern avoidance we refer the reader to the survey [40] by Steingrímsson and book [21] by Kitaev. In this context, Claesson [12] proved a result equivalent to the following proposition: Proof. The argument for the 132 case is nearly identical to that given for the 231 case in [27] . However, it is presented here for completeness and future use in this paper. Extending this argument allows us to characterize the rev-tier of a permutation using separated pairs. Proof. Let π be a permutation. From Theorem 1.6 and Proposition 2.2, π has rev-tier 0 if and only if π does not contain a down separated pair. If π contains at least one down separated pair, let (i 1 , i 1 + 1) be the smallest such pair. The sorting algorithm will output 12 . . . i 1 , and then the remaining entries will be processed in the reverse of their original order. This second pass stops short of outputting the identity and instead results in a total output of 12 . . . i 2 precisely if this new sequence contains a down separated pair (i 2 , i 2 + 1) which was an up separated pair in π. Each increase in rev-tier is caused by a separated pair with the opposite orientation in π as the previous one. The theorem follows.
Example 2.4. The permutation π = 2413 has two alternating separated pairs, (1, 2), (2, 3) with (1, 2) down separated and thus has rev-tier 2. We show the sorting of π using three reverse passes through a stack in Figure 1 . In Figure 2 , the equivalent sorting of π is shown with three stacks in series with the restriction of not permitting an entry π i to leave a stack until one of the following conditions are met:
1. π i is the next entry of the identity permutation for the output or 2. there are no more entries to the right of the stack.
We now argue that permutations up to a given rev-tier t form a permutation class. Proposition 2.5. If σ and τ are two permutations and σ is contained in τ then t rev (τ ) ≥ t rev (σ).
Proof. Suppose σ has a maximal alternating down/up sequence of separated pairs (i 1 , i 1 + 1), (i 2 , i 2 + 1), . . . , (i t , i t + 1) such that i 1 < i 2 < . . . < i t . The permutation pattern formed by the alternating sequence of separated pairs (i 1 , i 1 + 1), (i 2 , i 2 + 1), . . . , (i t , i t + 1) in σ must be contained in τ . Say a permutation pattern corresponding to the separated pair (i k , i k + 1) with a separator is
Applying the argument given in the proof of Proposition 2.2, there exists a separated pair (j k , j k + 1) in τ (of the same orientation as that of (i
Hence τ has an alternating down/up sequence of separated pairs (j 1 , j 1 + 1), (j 2 , j 2 + 1), . . . , (j t , j t + 1) with
Since the permutations of rev-tier at most t are those that avoid all permutations of rev-tier t + 1, the following corollary is a direct consequence of Proposition 2.5.
Corollary 2.6. The (t + 1)-reverse pass sortable permutations form a permutation class for any t ≥ 0.
An explicit basis for 2-reverse pass sortable permutations
Recall the basis of a permutation class is the minimal set of forbidden permutations any permutation in the class must avoid.
Notation 2.7. Let B t be the basis for the set of all permutations of rev-tier at most t. Now suppose π is a basis element and thus of minimal length. Each entry of π must appear as part of a separated pair in the maximum length alternating down/up sequence of separated pairs in π. Thus (1, 2) must be a down separated pair in π. Similarly, since the 3 is part of a separated pair, π must have at least one of the following properties:
1. 3 separates (1, 2).
(2, 3)
is an up separated pair. We also were able to compute the basis for the class of 3-reverse pass sortable permutations: 
Bounds on the basis elements for (t + 1)-pass sortable permutations
We now show there is a finite basis for each class by bounding the length of potential basis elements.
Proposition 2.9. If σ ∈ B t , then the length of σ is at most 3(t + 1).
Proof. If a permutation contains entries that are not part of an oriented separated pair contributing to the rev-tier, these can be eliminated without reducing the rev-tier. A basis permutation in B t must have exactly t + 1 such separated pairs and thus has length at most 3(t + 1).
As an immediate consequence, we obtain the desired corollary.
Corollary 2.10. The class of (t + 1)-reverse-pass sortable permutations has a finite basis.
We can also determine the length of the shortest elements in the basis by giving a construction of a permutation of length n with maximal rev-tier.
Notation 2.11. Let ρ(n) represent the maximum rev-tier of any permutation of length n, and as before let t rev (σ) represent the rev-tier of σ.
Proposition 2.12. For any integer n ≥ 2, we have ρ(n) = n− 2. Specifically, there are permutation(s) of length n ≥ 2 and rev-tier ρ(n) = n − 2 which have (1, 2), (2, 3), . . . , (n − 2, n − 1) as its maximum length alternating down/up sequence of separated pairs.
Proof. First note a permutation π of length n cannot have more separated pairs of any orientation
Further, one construction of a permutation of length n with rev-tier n − 2 is
As an immediate consequence of Proposition 2.12, we obtain the following corollary.
Corollary 2.13. For any non-negative integer t and any σ ∈ B t , the length of σ is greater than or equal to t + 3 and the bound is sharp for all t.
3. Maximal rev-tier permutations are counted by the Euler numbers
Computational data for permutations of exact rev-tier t
A simple program was written in SAGE [14] to compute the rev-tier of all permutations up to length 10. The data for the number of permutations of a given length and exact rev-tier is given in Table 1 . In particular, the numbers on the top non-zero diagonal beginning at n = 3, t = 1 appear in the OEIS [36] and are known as the Euler or Down/Up Numbers (A000111, A163747, A163982). 
A new Entringer family
We begin with some historical information on the discovery and refinement of the Euler numbers including the Entringer numbers found in "A Survey of Alternating Permutations" by Stanley [39] .
Euler was known to have studied the odd indexed terms of this sequence which have exponential
The original combinatorial interpretation of Euler numbers (with any integer index) was given by André [2] . In particular, E n is shown to count the down/up permutations which are alternating permutations of length n (beginning with a descent).
Note that n≥0
E n x n n! = tan x + sec x. In 1966, Entringer [18] published a more refined enumeration of these alternating permutations of length n based on the initial term. However, the construction of the triangle corresponding to this partitioning of the Euler numbers was published by Seidel [35] in 1877. E n,k = E n .
Theorem 3.2. (Entringer, Seidel)
The sequence {E n,k } is defined recursively where E 1,1 = 1, E n,1 = 0 when n > 1, and Definition 3.4. Let R n be number of permutations of length n ≥ 3 with rev-tier n − 2.
Define R n,k to be the number of permutations of length n with rev-tier n − 2 where 1 is in position k + 1.
Finally, let R n,k be the set of permutations of length n with rev-tier n − 2 where 1 is in position k + 1.
Remark 3.5. We note that R n,n = R n,1 = R n,0 = 0 for all n ≥ 3. We introduce notation for counting the number of inversions an entry of a permutation is involved in specifically as the left (larger) entry or specifically as the right (smaller) entry. The sequence inv L (π 1 ) . . . inv L (π n ) is called the inversion sequence of π. For more information on these sequences, see work by Corteel, Martinez, Savage, and Weselcouch [13] .
, and inv L (π 4 ) = 0. Further, inv R (1) = 1, inv R (2) = 2, inv R (3) = 0, and inv R (4) = 0.
Theorem 3.9. The permutations of length n ≥ 3 with rev-tier n − 2 form an Entringer family. Specifically, R n,k = E n−1,k for 1 ≤ k ≤ n − 1 and so R n = E n−1 when n ≥ 3.
Proof. Let E n,k be the set of alternating permutations of length n beginning with k.
We construct a bijection f : E n−1,k → R n,k defining f (π) by beginning at π 1 and proceeding left to right as follows:
1. Place each odd entry 2i + 1 in position inv L (π 2i+1 ) + 2 of the remaining positions.
2. Place each even entry 2i in position inv L (π 2i ) + 1 of the remaining positions.
3. The entry n is placed in the remaining spot.
Consider the entries j − 1 and j in f (π) where j − 1 ≤ n − 2. Specifically, consider their insertion in the permutation f (π) by the above algorithm. Thus f takes alternating permutations of length n − 1 to permutations of length n with an alternating sequence of separated pairs (1, 2), (2, 3), . . . , (n − 2, n) where (1, 2) is a down separated pair. Note that in particular, 1 is placed in position inv L (π 1 ) + 2 = (π 1 − 1) + 2 = π 1 + 1 = k + 1. In other words, f does indeed map E n−1,k into R n,k .
Further, this map is invertible. Starting with the entry 1 in a permutation σ ∈ R n,k and proceeding in order by the value of entries in σ from 1 to n − 1, determine the entries of π = f −1 (σ) as follows:
1. Define π 2i+1 to be the inv R (2i + 1)st largest entry of those that have not already been selected.
Define π 2i to be the [inv R (2i) + 1]st largest entry of those that have not already been selected.
To see that f −1 is indeed the inverse of f , consider a permutation σ of length n and rev-tier n − 2. Let π = f −1 (σ). By these definitions, π 2i+1 will have inv R (2i + 1) − 1 smaller entries to its right. That is, inv L (π 2i+1 ) = inv R (2i + 1) − 1. And entry 2i + 1 of σ is in position inv R (2i + 1) + 1 of the positions occupied by entries at least as large as 2i + 1. Thus σ has 2i + 1 in position inv L (π 2i+1 ) + 2 among the entries at least as large as 2i + 1. Similarly, π 2i will have [inv R (2i) + 1] − 1 = inv R smaller entries to its right. That is, inv L (π 2i ) = inv R (2i). The entry 2i of σ is in position inv R (2i) + 1 of the positions occupied entries at least as large as 2i. Thus σ has 2i in position inv L (π 2i ) + 1 among the entries at least as large as 2i. That is, the steps described give us f −1 (6247153) = 426351 ∈ E 6,4 .
Generating Functions
In order to determine the generating function for the number of permutations of length n and exact rev-tier t, we refine the sets of permutations under consideration. The set of all permutations is the disjoint union of N, M U , and M D . Further, N is a permutation class, whereas M U and M D are not permutation classes. In fact, N = Av(132, 231). Let η n be the number of elements in N of length n, and let
The statements of Theorem 4.2 and Theorem 4.3 are equivalent to the statement and proof respectively of the last corollary of a paper by Rotem [34] . Next consider the refinement of the sets under consideration by the location of the smallest element of the permutation. Beginning with N , set
where η(n, k) is the number of permutations in N of length n where the 1 occurs in the kth position. To consider the elements in M U and M D , define the operator
n(α) is the length of α, t rev (α) is the rev-tier of α, and k(α) is the position of the 1 in α. Note that
We similarly construct generating functions for all remaining permutations, namely those in M U and those in M D . Abusing notation slightly let
Since the set of all permutations is a disjoint union of N, M U , and M D , we have
Permutations have a down separated pair exactly if they have rev-tier at least 1, hence
For i = 1, 2, . . . , n + 1, let ψ i : S n−1 → S n be defined such that ψ i (α) is the permutation obtained by increasing all of the values in α by 1, and then inserting a 1 in the ith position. Each permutation in S n is obtained by a unique ψ i applied to a unique permutation. Now consider the action of these operators on our subsets N, M U , and M D . The rev-tier of the resulting permutation is recorded in the following table.
To explain the entries in the table above, we work through each case.
Consider α ∈ N . Then ψ i (α) also has no separated pairs if and only if the resulting 1 and 2 are adjacent in ψ i (α), that is k(ψ(α)) = k(α) or k(α) + 1 (where k is the location of the 1). Further ψ i (α) ∈ M U if and only if (1, 2) is an up separated pair in ψ i (α), i.e. i ≤ k − 1. Finally, ψ i (α) ∈ M D if and only if (1, 2) is a down separated pair (i.e. i ≥ k + 2) which also increases the rev-tier of ψ i (α) to 1.
If α is in M U , we can create a longer increasing sequence of alternating separated pairs (ISASP) if and only if the (1, 2) becomes a down separated pair, i.e. i ≥ k + 2. In this case, the longest such sequence beginning with a down separated pair increases by two, and thus the rev-tier of ψ i (α) increases only in this case. Otherwise, ψ i (α) ∈ M U (and no change in rev-tier from α to ψ i (α)) if and only if i ≤ k + 1.
Finally if α is in M D , then we cannot create a longer ISASP beginning with a down separated pair.
Hence the rev-tier of the image ψ i (α) is the same as the rev-tier of α. However, ψ i (α) will be in M U if and only in (1, 2) becomes an up separated pair, i.e. if i ≤ k − 1.
Inverting the table above gives the following recurrences. 
Note µ U (1, 0, k) = µ D (1, 0, k) = 0 for all k, and also µ D (n, 0, k) = 0 for all n and k. We compute a few more of these coefficients directly.
Lemma 4.5. For all n ≥ 1, t ≥ 0 we have:
Proof. To see the conditions on µ U , suppose the 1 appears in the penultimate or final position of π. In these cases, consider filling in the rest of the entries of π from smallest entry to largest. Consider the first (if any) gap created in this process, say between an entry k and the interval of entries 1, 2, . . . , k − 1. This is the first time two consecutive entries k − 1 and k are separated by a larger entry. However, k must appear before the gap that in turn precedes the smaller entries. That is, the smallest separated pair of π, must be a down separated pair. Hence it is impossible for such a permutation to be in M U .
A similar argument shows that if the 1 is in the first or second position of a permutation σ, the smallest separated pair must be up separated. Thus such a permutation cannot be in M D .
A bit more can be done using elementary methods, as shown in the following lemma. 
Proof. We illustrate this for the µ U case. Assume a permutation π is of the form * * . . . * 1 * * . The smallest separated pair must be up-oriented since π ∈ M U . If (1, 2) is the smallest separated pair, then the 2 must occur in the nth position.
Now instead suppose (k − 1, k) is the smallest separated pair where k ≥ 3. Since (1, 2) is not a separated pair, 1 and 2 must be adjacent in π. However, if 2 is to the right of 1, we fall into the same situation as described in Lemma 4.5 as there will not be room for both k and a separator to the right of 2. Hence π must be of the form * * . . . * 21 * * .
This process continues with all entries smaller than k. Thus π must be of the form * * . . . * (k−1) . . . 21 * k.
(Note this form is valid for k = 2 as well.) Now π has only one (up) separated pair involving the entries 1, 2, . . . , k and π has rev-tier t. Thus entries at least as large as k must form a rev-tier t ≥ 1 permutation of length n − k + 1, say π ′ whose smallest entry is in the last position. Hence up to rescaling, and using Lemma 4.5, π ′ ∈ M D . Therefore there are µ D (n − k + 1, t, n − k + 1) possibilities for arranging these entries and thus for permutations in µ U (n, t, n − 2).
Note that Lemma 4.7 in the next section will show µ U (n, t, n − 2) = µ D (n, t + 1, 3).
Reversal identities
Consider the reversal map on permutations which simply reverses the order of the elements in the permutation. That is, if α = a 1 a 2 . . . a n , then we have α rev = a n a n−1 . . . a 2 a 1 for all α ∈ S n .
Let M U (n, t, k), M D (n, t, k), and N (n, k) denote the sets of permutations of length n, rev-tier t, where the 1 is in the kth position with a maximal ISASP beginning with an up separated pair, beginning with a down separated pair, or having no separated pairs, respectively.
Lemma 4.7. With the notation as above we have:
The proof is simply to note that if a permutation π has an ISASP with signature U DU D . . . then the reversal will have the same separated pairs but with reverse orientations. Hence the signature of π rev will be DU DU . . .. The length of the longest ISASP overall does not change, however the rev-tier does since π rev has a longer ISASP beginning with a down separated pair than π does.
Corollary 4.8. With the same notation as defined previously, for all n, k we have η(n, k) = η(n, n − k + 1) and
The proof is simply to use the fact that the reversal map is a bijection.
Note that, if one uses the above reversal identities with the original recurrences for say µ U (or µ D ), we recover the recurrences for µ D (or µ U respectively) from Theorem 4.4.
We note a couple of relations between M U and M D that will be used later.
Applying Corollary 4.8, the proof of Lemma 4.9 is simply computational.
Setting w = 1 we obtain the following corollary. 
Next we give relations for M U and M D that allow one to calculate these generating functions explicitly.
µ U (n, 0, k)
Since we already have η(n, k) = n−1 k−1 , we will now use
to derive the formula for µ U (n, 0, k). Multiplying each side of the recurrence by w k−1 and summing on all values of k we have:
We now evaluate the first sum on the right given our knowledge of η(n, k)
The above equation becomes
Now let
and multiply by x n , and sum the previous recurrence over all positive integers n to obtain:
Employing the kernel method so that the left hand side vanishes means setting 1 + xw
(the generating function for the Catalan numbers), then
By using the reversal identities, we have the rev-tier 1 component of
µ U (n, t, i)w i+1 .
where
is again the generating function for the Catalan numbers 1 n+1 2n n . Thus, there exists a power series w 0 = w 0 (x, y) around x = 0 such that x 0 (y, w 0 (x, y)) = x. That is, there exists a power series w 0 = w 0 (x, y) in x such that k(x, y, w 0 (x, y)) = 0. The first terms of w 0 can be evaluated as where y ′ = 1 − y 2 . Note that when y = 0 we have w 0 (x, 0) = C(x).
Define A(x, y) = Recall that the generating function F (x, y, w) = F N (x, w) + (1 + y)M U (x, y, w), and hence for any t ≥ 1 the number of permutations of length n, and rev-tier t is the y t term of (1 + y)M U (x, y, 1). Thus 
A new unbalanced Wilf equivalence
We conclude with a summary of unbalanced Wilf equivalences. Two permutation classes are said to be Wilf equivalent if their enumeration is the same. The terminology unbalanced Wilf equivalence refers to two Wilf equivalent permutation classes whose bases have unequal cardinalities. The first unbalanced Wilf equivalence was found by Atkinson, Murphy, and Ruškuc [3] when combining their result with
